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abstract
We discuss dilatonic gravity (bulk theory) from the point of view of (gen-
eralized) AdS/CFT correspondence. Self-consistent dilatonic background is
considered. It may be understood as two boundaries space where AdS bound-
ary appears as infinite boundary and new (singular) boundary occurs at short
distances. The two-point correlation function and conformal dimension for
minimal and dilaton coupled scalar are found. Even for minimal scalar,
the conformal dimension is found to be different on above two boundaries.
Hence, new CFT appears in AdS/CFT correspondence at short distances.
AdS/CFT correspondence may be understood as interpolating bulk theory
between two different CFTs.
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AdS/CFT correspondence [1, 2, 3] gives an interesting framework to relate
(classical) bulk theory with the conformal field theory living on the infinite
boundary. In the original version of AdS/CFT corespondence, it has only one
boundary (AdS). However, there are some indications [4] that singularities
which appear and in bulk and in boundary theories could mean the opening
of a new space. For example, it happens [4] that singular branes become
regular in a dual, conformally rescaled, frame. That may indicate that there
naturally appears second boundary (vacuum) in AdS/CFT correspndence
[4, 5]. In other words, brane probably should not reside only at the infinite
boundary of AdS [5] and it is better to imagine the brane is everywhere.
In the present letter, we discuss AdS/CFT correspondence for dilatonic
theories in the space with two boundaries. We concentrate on the behaviour
of correlation function of scalar field in different cases (minimal scalars, dila-
ton coupled scalars (see [7] for introduction)) on new short distance boundary.
It is shown that CFT on this boundary is different from the one on infinite
AdS boundary. The shift of conformal dimension due to mass and curvature
coupling is also calculated. Finally, we give some remarks about another rep-
resentation of dilatonic gravity under discussion as higher derivative gravity.
We start from the following action of dilatonic gravity in d+1 dimensions:
S = −
∫
dd+1x
√−g (R− Λ− αgµν∂µφ∂νφ) . (1)
In the following, we assume λ2 ≡ −Λ and α to be positive. From the variation
of the metric gµν, we obtain3
0 = Rµν − 1
2
gµνR +
Λ
2
gµν + α
(
∂µφ∂νφ− 1
2
gµνg
ρσ∂ρφ∂σφ
)
(2)
and from that of dilaton φ
0 = ∂µ
(√−ggµν∂νφ) . (3)
3 The conventions of curvatures are given by
R = gµνRµν
Rµν = −Γλµλ,κ + Γλµκ,λ − ΓηµλΓλκη + ΓηµκΓλλη
Γηµλ =
1
2
gην (gµν,λ + gλν,µ − gµλ,ν) .
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We assume that solutions for gµν and φ depend only on one of the coordinate,
say y ≡ xd
gµν = gµν(y) , φ = φ(y) (4)
and gµν has the following form
ds2 =
d∑
µ,ν=0
gµνdx
µdxν = f(y)dy2 + g(y)
d−1∑
i,j=0
ηijdx
idxj (5)
Here ηij is the metric in the flat (Lorentzian) background. Then the equations
of motion (2) and (3) take the following forms:
0 = −d(d− 1)
8
(
g′
g
)2
+
λ2
2
f +
α
2
(φ′)2 (6)
0 = −d− 1
2
g′′
g
+
d− 1
4
f ′g′
fg
− (d− 1)(d− 4)
8
(
g′
g
)2
+
λ2
2
f − α
2
(φ′)2 (7)
0 =


√
gd
f
φ′


′
. (8)
Here ′ expresses the derivative with respect to y. Eq.(6) corresponds to
(µ, ν) = (d, d) in (2) and Eq.(7) to (µ, ν) = (i, j). The case of (µ, ν) = (0, i)
or (i, 0) is identically satisfied. Integrating (8), we find
φ′ = c
√
f
gd
. (9)
Substituting (9) into (6), we can solve it algebraically with respect to f :
f =
d(d− 1)(g′)2
4g2
(
λ2 + αc
2
gd
) . (10)
We find that Eq.(7) is automatically satisfied when we substitute (9) and
(10). Therefore g can be an arbitrary function of y but this corresponds to
the degree of the freedom of the reparametrization of y in the metric (5). We
can fix it by choosing
g = y . (11)
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Then we find from (9) and (10),
f =
d(d− 1)
4y2
(
λ2 + αc
2
yd
) (12)
φ = c
∫
dy
√√√√ d(d− 1)
4yd+2
(
λ2 + αc
2
yd
)
= φ0 +
1
2
√
(d− 1)
dα
ln


2αc2
λ2yd
+ 1±
√√√√(2αc2
λ2yd
+ 1
)2
− 1

 . (13)
From Eq.(13), we find the dilaton field behaves as φ→ ∓
√
d(d−1)
α
ln yd when
y → 0. Since the string coupling constant eφ should be small in order that the
supergravity picture is consistent, the dilaton field cannot grow up positively.
Therefore the − sign should be chosen in the ± sign in Eq.(13) and we find
φ→ 1
2
√
d(d− 1)
α
ln y . (14)
The metric given by (5), (11) and (12) becomes that of the usual anti-de
Sitter space in the limit where α or c vanishes.
The backreaction from the non-trivial background of dilaton (13) to the
metric as in (12) changes the structure of the spacetime near the region where
y = 0. When y is small, the metric behaves as
ds2 ∼ d(d− 1)
4αc2
yd−2dy2 + y
d−1∑
i,j=0
ηijdx
idxj . (15)
The metric tells that the distance l between the point with finite y = y0 and
that of y = 0 is finite:
l =
∫ y=0
y=y0
ds =
∫ y0
0
dy
(
d(d− 1)
4αc2
) 1
2
y
d−2
2 =
(
(d− 1)
4dαc2
) 1
2
y
d
2
0 . (16)
This should be compared with the case of usual anti-de Sitter space where
the distance is infinite. In the limit where α or c vanishes, the distance l in
4
(16) becomes infinite as expected. It ahould be also noted that there is a
curvature singularity at y = 0 since the scalar curvature is given by
R = −(d+ 1)Λ
d− 1 − αc
2y−d ∼ αc2y−d . (17)
The infinite boundary discussed in AdS/CFT correspondence lies at y =
∞. When y →∞, f and φ in the solution (12), (13) behave as
f → d(d− 1)
4λ2y2
(
1 +O(y−d)
)
, φ→ φ0
(
1 +O(y− d2 )
)
. (18)
Therefore the geometry of spacetime asymptotically approaches to that of
AdS, which tells the correlation functions of matter fields on the boundary
corresponding to y =∞ do not change with those on the boundary of AdS.
After Wick rotating the spacetime signature by changing x0 → ix0, as an
example, we consider free massless scalar whose action is given by
Sχ =
1
2
∫
dd+1x
√
ggµν∂µχ∂νχ (19)
and consider the correlation function in the neighborhood of the boundary
y =∞ by solving the following equation
√
g✷G(y,X2) ∼ A0∂y
(
y
d
2
+1∂yG(y,X
2)
)
+
y
d
2
−2
A0
d−1∑
i=0
∂2iG(y,X
2)
= 0 , (20)√
g✷ ≡ ∂µ (√ggµν∂ν) ,
A0 ≡ 2
√√√√ λ2
d(d− 1)
X2 ≡
d−1∑
i=0
(xi1 − xi2)2 .
The solution of above equation near the infinite boundary is given by
G(y,X2) = G0y
− d
2


(
4
A20
y−1 +X2
)−d
+O(y−d)

 . (21)
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Here G0 is a constant. Equation (21) gives a correlation function at y = ∞
as in [2]. In the limit of y →∞, we obtain
G(y = 0, X2) = G0y
− d
2
(
X2
)−d
. (22)
This correlation function is nothing but that of the operators with the con-
formal dimension d in some kind of conformal field theory.
Since there is a singularity at y = 0, we need to check if the fields at the
boundary y =∞ have a unique extension in the bulk spacetime y <∞. As
an example, we consider free massless scalar in (19). Since
√
g is given by
√
g =
√√√√d(d− 1)yd−2
4
(
λ2 + αc
2
yd
) , (23)
the square-integrability requires
χ ∼ o(y− d4 ) when y →∞
χ ∼ o(y− d2 ) when y → 0 . (24)
If the Laplace equation ✷χ = 0 has a square integrable solution whose bound-
ary value at y =∞ vanishes, the uniqueness is broken since we can add the
solution to any given solution. The solution can be written using the Fourier
transformation with respect to the coordinates {xi, i = 1, · · · , d} as follows:
χ(y, xi) =
1
(2pi)
d
2
∫
ddkfk(y)e
i
∑d−1
i=0
kix
i
. (25)
Then the Laplace equation is rewritten as
0 =
√
g✷χ
→ 2√
d(d− 1)
∂y
(
y
d
2
+1
√
λ2 +
αc2
yd
∂yfk(y)
)
−
√
d(d− 1)
2
k2y
d
2
−1√
λ2 + αc
2
yd
fk(y) . (26)
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Multiplying f ∗k (y) (the complex conjugate of fk(y)) and integrating with
respect to y, we obtain
0 =
∫ ∞
0
dy

 2y
d
2
+1√
d(d− 1)
√
λ2 +
αc2
yd
|∂yfk(y)|2 +
√
d(d− 1)
2
k2y
d
2
−1√
λ2 + αc
2
yd
|fk(y)|2


− 2
√√√√ αc2
d(d− 1)yf
∗
k (y)∂yfk(y)
∣∣∣∣∣∣
y→0
. (27)
Here we assume Eq.(24) and that χ vanishes at the boundary y = ∞
(fk(∞) = 0). Eq.(27) tells that if fk(y) does not vanish at y = 04, there can
be non-trivial square-integrable solutions whose boundary value at y = ∞
vanishes. This situation is very different from that in the usual AdS and the
boundary value χ(y = ∞, xi) cannot uniquely determine the value of χ in
the bulk y < ∞. Eq.(27) tells, however, fk(y) = ∂yfk(y) = 0 everywhere
if χ vanishes at y = 0 (fk(0) = 0) and there is no any non-trivial square-
integrable solution. Note that the square-integrability requires χ vanish at
y = ∞ due to (24). This implies that the value χ(y = 0, xi) at y = 0 can
uniquely determine the value of χ in the bulk y > 0. Since there is a curva-
ture singularity at y = 0 (17), y = 0 can be regarded as a boundary, which is
similar to the case of Schwarzschild spacetime although the singularity dis-
cussed here is naked5. From the metric in (5), the new boundary at y = 0 has
also the topology of d-dimensional Minkowski space in the Minkowski signa-
ture. In the usual AdS/CFT correspondence, the boundary at y = ∞ can
be regarded as a brane in superstring or M-theory. Since the solution (13)
tells that there is a source of dilaton at y = 0, the object at y = 0 could be
considered as brane with a dilatonic hair. (For classification of non-singular
branes see [6]). If it is so, it is not so unnatural to expect that some kind of
conformal field theory is realized on the boundary at y = 0(like it happened
in the example of 3d AdS gravity in ref.[5]).
We now consider the correlation function of free massless scalar whose
4 More exactly, if f(y) ∼ √− ln y when y ∼ 0, the boundary term in (27) becomes
finite. The more singular behaviour of fk(y) can be consistent with the conditon of the
square integrability in (24). In such a case, the boundary term, and therefore the bulk
integration, in (27) diverges.
5If α < 0, there is a horizon since f(y) in (12) diverges at yd = −αc2
λ2
). In this case,
the singularity is not naked.
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action is given by (19). We only consider the neighborhood of the boundary
y ∼ 0 and solve the following equation for correlation function
√
g✷G(y,X2) ∼ A∂y
(
y∂yG(y,X
2)
)
+
yd−2
A
d−1∑
i=0
∂2iG(y,X
2)
= 0 , (28)√
g✷ ≡ ∂µ (√ggµν∂ν) ,
A ≡ 2
√√√√ αc2
d(d− 1)
X2 ≡
d−1∑
i=0
(xi1 − xi2)2 .
The solution of (28) near the boundary y ∼ ∞ is given by
G(y,X2) = G0
(
4
(d− 1)2A2 y
d−1 +X2
)− d
2
. (29)
Here G0 is a constant. Equation (29) would give a correlation function on
the boundary [2]. In fact, in the limit of y → 0, we obtain
G(y = 0, X2) = G0
(
X2
)− d
2
. (30)
The correlation function (30) (which is different from one on the infinite
boundary) is nothing but that of the operators with the conformal dimen-
sion d
2
in some kind of conformal field theory. Especially when d = 2, the
correlation function is that of the product of left-moving and right-moving
free fermions O(x1, x2) ≡ ψ(z)ψ∗(z∗) (z = x1 + ix2).
As a more general case, we consider the correlation function of massless
dilaton coupled scalar whose action is given by
S
χ
2 =
1
2
∫
dd+1x
√
ge
2β
√
α
d(d−1)
(φ−φ0)gµν∂µχ∂νχ . (31)
Here β is a parameter which is now introduced. From (14), we find near the
boundary
e
2β
√
α
d(d−1)
(φ−φ0) ∼ yβ . (32)
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Then in order to find the correlation function in the neighborhood of the
boundary y ∼ 0, we should solve the following equation instead of (28):
√
g✷φGφ(y,X2) ∼ A∂y
(
yβ+1∂yG
φ(y,X2)
)
+
yβ+d−1
A
d−1∑
i=0
∂2iG
φ(y,X2)
= 0 , (33)
√
g✷φ ≡ ∂µ
(
e
2β
√
α
d(d−1)
(φ−φ0)√ggµν∂ν
)
.
The solution of (33) near the boundary y ∼ 0 is given by
Gφ(y,X2) = G0
(
4
(d− 1)2A2y
d−1 +X2
)− d
2
−
β
d−1
. (34)
In the limit of y → 0, we obtain
Gφ(y = 0, X2) = G0
(
X2
)− d
2
−
β
d−1
. (35)
The correlation function (35) is that of the operators with the conformal
dimension d
2
+ β
d−1
. It is interesting that the conformal dimension is shifted
by the parameter β which comes from the dilaton coupling in (31). In the
usual AdS/CFT correspondence, such a shift comes from the mass of the
scalar field [2].
It would be also interesting to investigate the effect from the mass term.
We add the following dilaton dependent mass term to the action (31):
Sm = −m
2
2
∫
dd+1x
√
ge
2γ
√
α
d(d−1)
(φ−φ0)χ2 . (36)
Then the equation coresponding to (28) is given by
√
g
(
✷
φ −m2e2γ
√
α
d(d−1)
(φ−φ0)
)
Gm(y,X2)
∼ A∂y
(
yβ+1∂yG
m(y,X2)
)
+
yβ+d−1
A
d−1∑
i=0
∂2iG
m(y,X2)
−m
2
A
yγ+d−3Gm(y,X2)
= 0 . (37)
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In order that Gm(y,X2) corresponds to the correlation function of the con-
formal field theory on the boundary, Gm(y,X2) should have the following
form in the limit of y → 0:
Gm ∼ y
ρ
(X2)ν
. (38)
Substituting (38) into (37), we find that γ in (36) cannot be arbitrary but γ
should be given by
γ = β − d+ 2 . (39)
When the equation (39) is satisfied, solution of (36) near the boundary y ∼ 0
is given by
Gm(y,X2) = G0y
−β±
√
β2+4m
2
A2
2
(
4
(d− 1)2A2y
d−1 +X2
)− d
2
∓
√
β2+4m
2
A2
d−1
. (40)
In the limit of y → 0, we obtain
Gm(y = 0, X2) = G0y
−β±
√
β2+ 4m
2
A2
2
(
X2
)− d
2
∓
√
β2+4m
2
A2
d−1
. (41)
The correlation function (41) is that of the operators with the conformal
dimension d
2
±
√
β2+ 4m
2
A2
d−1
.
We can also consider the coupling of the matter scalar field χ with the
scalar curvature R[7]:
SR = −µ
2
2
∫
dd+1x
√
gRe
2δ
√
α
d(d−1)
(φ−φ0)χ2 . (42)
Near the boundary y ∼ 0 the behavior of R is given by (17). Comparing (17)
with (32), we can identify near the boundary
R ∼ αc2e−2
√
dα
(d−1)
(φ−φ0)
. (43)
Therefore by the following replacement,
γ → δ − d , m2 → µ2αc2 (44)
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we can use the results in (39), (40) and (41).
Finally we show that the gravity theory in (1) can be rewritten as a higher
derivative gravity theory without dilaton. When we rescale the metric by
gµν → eρgµν , (45)
the action (1) is rewritten after the partial integration as follows
S = −
∫
dd+1x
√−ge d−12 ρ
(
R− Λeρ + (d− 1)d
4
gµν∂µρ∂νρ− αgµν∂µφ∂νφ
)
.
(46)
Choosing ρ as
ρ = 2
√
α
d(d− 1)φ (47)
we obtain
S = −
∫
dd+1x
√−g
{
Φd−1
(
R− ΛΦ2
)}
. (48)
Here
Φ ≡ e−
√
α
d(d−1)
φ
. (49)
By using the equation of motion with respect to Φ, we can solve Φ with
respect to the scalar curvature R:
Φ2 =
d− 1
(d+ 1)Λ
R . (50)
Substituting (50) into (48), we obtain the higher derivative gravity theory
which contains d+1
2
-power of the scalar curvature R:
S = − 2
d+ 1
(
− d− 1
(d+ 1)Λ
)d−1 ∫
dd+1x
√−g(−R) d+12 . (51)
In the usual AdS/CFT correspondence, we believe that the conformal sym-
metry on the boundary manifold comes from the SO(d, 2) symmetry in the
anti-de Sitter space but the spacetime given by (5), (11) and (12) has no the
SO(d, 2) symmetry. The obtained correlation functions (30), (35) and (41),
however, seem to be those in some kind of conformal field theory. We should
note that the action (51) is invariant under the global scale transformation
with a constant parameter c
gµν → ecgµν , (52)
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which might be the origin of the conformal symmetry on the boundary.
In summary, we discussed CFT which appears on (short distance)
y = 0 boundary of dilatonic spacetime under consideration in generalized
AdS/CFT correspondence. Dilatonic gravity may be considered as bulk the-
ory interpolating between two different CFTs living at the boundaries y = 0
and y =∞. It could be really interesting to study AdS/CFT correspondence
for the spacetimes with second boundary (of above sort) in N=4 conformal
supergravity [9, 10, 11] (more exactly gauged supergravity) where at y =∞
boundary N = 4 super Yang-Mills theory lies [8] as dilaton naturally appears
there.
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